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Within the framework of isotropic strain gradient plasticity, a rate-independent constitutive model
exhibiting size dependent hardening is formulated and discussed with particular concern to its strength-
ening behavior. The latter is modelled as a (ﬁctitious) isotropic hardening featured by a potential which is
a positively degree-one homogeneous function of the effective plastic strain and its gradient. This potential
leads to a strengthening law in which the strengthening stress, i.e. the increase of the plastically unde-
formed material initial yield stress, is related to the effective plastic strain through a second order PDE
and related higher order boundary conditions. The plasticity ﬂow laws, with the role there played by
the strengthening stress, are addressed and shown to admit a maximum dissipation principle. For an ide-
alized elastic perfectly plastic material with strengthening effects, the plastic collapse load problem of a
micro/nano scale structure is addressed and its basic features under the light of classical plastic limit
analysis are pointed out. It is found that the conceptual framework of classical limit analysis, including
the notion of rigid-plastic behavior, remains valid. The lower bound and upper bound theorems of clas-
sical limit analysis are extended to strengthening materials. A static-type maximum principle and a kine-
matic-type minimum principle, consequences of the lower and upper bound theorems, respectively, are
each independently shown to solve the collapse load problem. These principles coincide with their
respective classical counterparts in the case of simple material. Comparisons with existing theories are
provided. An application of this nonclassical plastic limit analysis to a simple shear model is also pre-
sented, in which the plastic collapse load is shown to increase with the decreasing sample size (Hall–
Petch size effects).
 2009 Elsevier Ltd. All rights reserved.1. Introduction
As shown in a number of experimental observations, at micro/
nano scales materials exhibit a notable size dependence, in the
sense that ‘‘smaller is stronger”. This phenomenon manifests itself
in a variety of forms, such as: (i) the increase of the strain harden-
ing rate with the decreasing of the size of metal and alloy speci-
men, (ii) the increase of the initial yield stress, or strength, with
the decreasing of grain size of crystalline materials (the so-called
Hall–Petch effect, or ‘‘strengthening”), (iii) the increase of strength
with the reduction of the reinforcing particle size in composite
materials at constant volume fraction (the so-called ‘‘dispersion
strengthening”), (iv) the increase of the indentation hardness with
the decreasing of the indentation depth, etc.; see e.g. Stemalshenko
et al. (1993), McElhaney et al. (1998), Fleck et al. (1994), Lloyd
(1994), Ma and Clarke (1995), Poole et al. (1996), Stölken and
Evans (1998), Huang and Spaepan (2000), Haque and Saif (2003).
For an overview of the rich literature on this subject, see Hutchin-ll rights reserved.son (2000), Gudmundson (2004), Hansen (2004), Gurtin and Anand
(2005), Abu Al-Rub (2008).
Simulation procedures based on molecular dynamics and dis-
crete dislocation theories have been used to model the above phe-
nomena (see e.g. Van der Giessen and Needleman (1995),
Claveringa et al. (1999), Zibib et al. (2002)), but the characteristic
structural length in the microsize range is still too large for an
effective numerical implementation of these methods (Gurtin
and Anand, 2005). The continuum approach via strain gradient
plasticity has been more effective and fruitful for its capacity of
describing the afore-mentioned size effects. The relevant key con-
cept consists in introducing, into the governing equations, a gradi-
ent of a suitable measure of plastic strain, which proves to be a
means to carry in the fundamental role played by dislocations,
and in particular by Geometrically Necessary Dislocations (GNDs),
(Ashby, 1970), within the underlying microstructural deformation
processes. The various existing theories of gradient plasticity differ
from one another for the ways they incorporate the gradient
dependence, but all of them prove to be able to predict and de-
scribe, in all or in part, the mentioned size effects.
Aifantis (1984, 1987, 2003) ﬁrst introduced a strain gradient
correction into the standard yield condition in order to address
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pioneering work by Aifantis, devoted either to crystal models, or
to continuum ones. For a revision of these works, see e.g. Fleck
and Hutchinson (1997), Hutchinson (2000), Gudmundson (2004),
Gurtin and Anand (2005), Kuroda and Tvergaard (2006); see also
the special issue of Modelling and Simulation in Material Science
and Engineering, vol. 15(1), 2007. More recent contributions in the
framework of isotropic gradient plasticity have been given by Lele
and Anand (2008), Abu Al-Rub (2008), Fleck and Willis (2008),
Polizzotto (2007), Polizzotto (2008a), Polizzotto (2009a), Polizzotto
(2009b), and in the framework of crystal plasticity by Gurtin et al.
(2007), Bardella (2007), Borg (2007).
Among the variety of size effects, strengthening effects have re-
cently been modelled within isotropic gradient plasticity by Fred-
riksson and Gudmundson (2005) and, independently, by Gurtin
and Anand (2005). These authors employ a similar visco-plastic
model with a power law of degree m > 0 which, as m tends to
the pertinent extreme value, simulates a rate-independent mate-
rial model and thus reproduces strengthening effects exempt from
the inﬂuence of plastic strain rate. This method was improved for
one-dimensional structures (Anand et al., 2005) and for pluri-
dimensional ones obeying simpliﬁed constitutive laws (Lele and
Anand, 2008). Borg (2007) extended the work by Gurtin and Anand
(2005) to crystal plasticity; Abu Al-Rub (2008) addressed the inﬂu-
ence of a boundary layer upon strengthening effects.
The purpose of the present paper is the formulation of a rate-
independent strain gradient plasticity model different from the
visco-plastic one previously mentioned, but equally capable to
capture strengthening effects. The classical internal variable frame-
work is employed. The key idea consists in introducing a ﬁctitious
isotropic strain hardening governed by a potential (strengthening po-
tential), say wst, which is a positively degree–one homogeneous func-
tion of the effective plastic strain and the effective plastic strain
gradient (four strain variables in total), hence the (as many) related
thermodynamic forces are functions of the same type, but of degree
zero. This means that, for a material model with kinematic and iso-
tropic hardening and with strengthening, besides the standard
hardening potential(s), one has to further introduce a strengthen-
ing potential, as it will be actually done in the present paper. The
strengthening potential is sharply different from potentials used
to model other types of size effects, like the so-called energetic size
effects (Gurtin and Anand, 2005), which are in general homoge-
neous functions analogous to the strengthening potential, but of
degree larger than one (usually of degree two or more). As it will
be shown also by means of a simple numerical example, the pro-
posed model is able to capture and describe strengthening effects
in a manner quite similar to the visco-plastic model previously
mentioned.
The introduction of a strengthening potential as mentioned
above implies that the related thermodynamic forces, here called
primitive strengths (a scalar and a vector), obey some speciﬁc plas-
ticity-like laws. A strengthening surface bounds the primitive
strengths and an (associative) normality rule provides the work-
conjugate four-component generalized effective plastic strain.
The primitive strengths, with values on the strengthening surface,
constitute the basis for the strengthening law of the material,
which is obeyed by the strengthening stress, a scalar measuring
the increase (or decrease) of the initial strength exhibited by the
material during plastic deformation.
A main concern of the present work is the idealized case of a
perfectly plastic material that exhibits strengthening effects. A
body of this type, if subjected to a monotonically increasing load,
is expected to behave like one without strengthening effects in
the framework of classical plastic limit analysis. At a certain value
of the load, an instantaneous collapse mechanism occurs, while the
structure continues to deform plastically at a constant load, thevalue of which is related to an increased yield strength of the mate-
rial. Since the amount of this strenthening is not known in advance,
as it depends on the shape of the collapse mechanism, the problem
of evaluating the collapse load, as well as the related collapse
mechanism, is not a trivial one. For one-dimensional structures,
problems of this type were addressed by Anand et al. (2005).
The equation set governing the collapse load problem for a gi-
ven micro/nano scale structure will be addressed and its analogies
and differences with respect to the classical limit analysis problem
will be pointed out. This problem differs from its classical counter-
part due to the presence, in the yield function, of a strengthening
stress, which is related to plastic deformation in a complex way
(it is a second order differential form in the effective plastic strain
and is accompanied by some higher order boundary conditions).
Nevertheless, the lower bound and upper bound theorems of clas-
sical limit analysis will be extended to materials with strengthen-
ing effects, although at the cost of inevitable mathematical
complications. The plastic collapse load problem can be solved
by addressing the entire set of governing equations, or also by
means of one of two variational principles: one is a static–type
maximum principle, the other is a kinematic–type minimum princi-
ple. These principles, direct consequences of the lower and upper
bound theorems, respectively, are independently shown to solve
the collapse load problem.
It is worth noting that the kind of nonclassical plastic limit anal-
ysis addressed in this paper is different in nature from other ones
existing in the literature. In fact, in the latter kind of limit analyses,
Cosserat material models (Mühlhaus, 1989), or polar-type Toupin–
Mindlin material models (Zhao et al., 2007), suitably extended to
plasticity, are considered. The gradient dependence is there carried
into the constitutive model by some higher order plastic strain ten-
sors, but the initial yield stress is size independent, hence no
strengthening effects are there involved.
The so-called residual-based strain gradient plasticity theory
will be used (Polizzotto and Borino, 1998; Polizzotto, 2003, 2007,
2008a, 2009a,b; Borino and Polizzotto, 2007). For self-containment
reasons, we brieﬂy resume its essentials. This theory is centered
upon the concept of (nonlocality energy) residual, say P. This repre-
sents the long distance energy density transmitted to the generic
particle of the body from all other particles of it as a consequence
of the underlying deformation process, and is identically vanishing
only in the case of a simple material. The theory is grounded upon
three constitutive assumptions:
(i) The insulation condition, which states that no long distance
interactions occurs between the body and the exterior ambi-
ent, and thusZ
V
Pdv ¼ 0 ð1Þ
for whatever deformation mechanism. If there exist boundary
and/or interface layers with surface energy, contributions
from these layers should be added to (1) (Polizzotto,
2009b), but this case is excluded here.(ii) The bilinear dissipation condition, consequence of the Onsag-
er reciprocity principle, assumed to hold in the present con-
text, which implies that the dissipation power density, D,
takes on a bilinear form in terms of independent driving
plastic strain rates, say _ep, and related thermodynamic
forces, or afﬁnities, say q, and thusD ¼ q : _ep: ð2Þ
(iii) The locality recovery condition, which states that the residual
P must vanish in the volume V of the body for whatever uni-
form-plastic-strain deformation mechanism, such that the
material behaves as a simple one correspondingly.
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sion of the mentioned residual-based one, made capable to capture
strengthening effects (Hall–Petch effects) through the introduction
of an ad-hoc strengthening potential. It is purely phenomenologi-
cal in nature and consistent with thermodynamics principles; its
connection to real material behavior is ascertained, but only in
the extent considered sufﬁcient for the present theoretical research
work.
The outline of the paper is as follows. In Section 2, besides the
standard hardening potentials, the strengthening potential is intro-
duced and discussed. Also, thermodynamic arguments are used to
derive the pertinent restrictions on the constitutive equations to-
gether with the expressions of the dissipation density and the en-
ergy residual. In Section 3, the plasticity evolution laws in the
presence of strengthening effects are presented, showing that a
maximum dissipation principle holds. In Section 4 the perfectly
plastic material with strengthening effects is addressed and the
relevant plastic collapse load problem is discussed under the light
of classical limit analysis. In Section 5 the extended lower bound
and upper bound theorems are proved, whereas in Section 6 the
consequent maximum and minimum principles are independently
proved. Section 7 is devoted to comparisons with other theories.
An illustrative example of nonclassical limit analysis is presented
in Section 8. Conclusions are in Section 9.
Notation. A compact notation is used, with boldface letters
denoting vectors or tensors of any order. The scalar product be-
tween vectors or tensors is denoted with as many dots as the num-
ber of contracted index pairs. For instance, denoting by
u ¼ fuig; v ¼ fv ig; e ¼ feijg; r ¼ frijg; s ¼ fsijkg and A ¼ fAijkhg
some vectors and tensors, one can write: u  v ¼ uiv i; r : e ¼
rijeji; A : e ¼ fAijkhehkg; A..
.
s ¼ fAijkhshkjg; AT ..
.
s ¼ fAijkhsijkg, where AT
is the transpose of A. The summation rule for repeated indices
holds and the subscripts denote components with respect to an
orthogonal Cartesian co-ordinate system, say x ¼ ðx1; x2; x3Þ. An
upper dot over a symbol denotes its time derivative, _u ¼ @u=@t.
The symbol r denotes the spatial gradient operator, i.e.
ru ¼ f@ iujg. The symbol e ¼ feijkg indicates the alternating third
order tensor. The symbol := means equality by deﬁnition. Other
symbols will be deﬁned in the text at their ﬁrst appearence.
2. Thermodynamic approach
2.1. Premises
Let us consider a (micro/nano scale) solid body of volume V and
boundary surface S :¼ @V , which in its undeformed state is referred
to a Cartesian orthogonal co-ordinate system, say x ¼ ðx1; x2; x3Þ.
The body is subjected to quasi-statically variable loads and experi-
ences small deformations. For simplicity, isothermal conditions are
assumed. The constitutive behavior of the material is governed by
a Helmholtz free energy potential w of the form:
w ¼ weðeeÞ þ wp1ðep;rep;rwpÞ þ wp2ðr;rrÞ þ wstðj;rjÞ ð3Þ
where ee; ep denote elastic and plastic parts of the (standard) total
strain tensor, e ¼ ee þ ep; wp is the skew part of the plastic distor-
tion tensor, Hp ¼ ep þwp, plastic part of the displacement gradient
H :¼ ru; r and j denote some scalar measures of plastic strain. The
ﬁelds ep; r; j are regular in the whole V. The variables on which
wp1; wp2 and wst depend play the role of internal variables.
More precisely:
 we ! Elastic strain energy, usually we ¼ 12 ee : M : ee, with M
being the elasticity fourth order moduli tensor with its standard
symmetry features. wp1 ! Kinematic hardening potential, which is a homogeneous
function of its arguments, of degree m P 2. Often in the litera-
turewp1 is considered a function of theGND (geometrically neces-
sarydislocation)density (Ashby, 1970) through the tensorrHp
(see e.g. Gurtin (2004)), or of r ep (see e.g. Gurtin and Anand
(2005), Anand et al. (2005), Lele and Anand (2008)), but here we
prefer to adopt the more general functional dependence on rep
and rwp. (Note: r ep ¼ curlep ¼ e : rep, hence @wp1=@ðrepÞ
¼ e  ð@wp1=@ðr  epÞÞ, and analogously forrwp.)
 wp2 ! Isotropic hardening potential, which is a homogeneous
function of r and rr, of degree m P 2. The state variable r is
a degree-one positively homogeneous function of the plastic
strain, but for the moment the exact relation between r and ep
is left unspeciﬁed (it will be as soon as the plasticity evolution
law is chosen).
 wst ! Strengthening potential, which is a positively degree-one
homogeneous (nonlinear) function of j andrj, where j is sim-
ilar to, or even coincident with, r. Since, on removing the depen-
dence of wst on rj, no strengthening effects have to arise,
correspondingly wst has to vanish identically for whatever j.
Hence, wst has to satisfy the condition:
wst ! 0 for rj! 0: ð4Þ
Possible forms for the above potentials are the following:
wp1 ¼
1
2
h1 kepk2 þ ‘21ð1Þkrepk2 þ ‘21ð2Þkrwpk2
 
; ð5Þ
wp2 ¼
1
2
h2ðr2 þ ‘22krrk2Þ; ð6Þ
wst ¼ r0ðp jÞ; p :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j2 þ ‘2krjk2
q
; ð7Þ
where h1 and h2 are hardening (or softening) moduli; ‘1ð1Þ; ‘1ð2Þ; ‘2
and ‘ denote internal lengths, and r0 is the initial yield stress of the
plastically undeformed material. Please note that (7) meets condi-
tion (4). Also note that the internal variables r and jmay in practice
be taken coincident with each other, but they are considered as dis-
tinct variables for more clarity. Although the major interest here is
in strengthening effects and the related nonclassical limit analysis,
consideration of the standard hardening material behavior is be-
lieved necessary for a useful and complete discussion.
2.2. Digression on the strengthening potential
Before going on with the issues of this section, it is convenient
to point out some fundamental features of the strengthening po-
tential previously introduced. This potential can be geometrically
represented in the four-dimension space ðj; rjÞ as a conical sur-
face with its vertex on the strain origin, the shape of which changes
with the internal length scale parameter, say ‘. Like for a dissipa-
tion function of ﬂow plasticity (Martin, 1975), the potential wst ad-
mits meaningful partial derivatives, say
Y0 :¼ @wst
@j
; Y1 :¼ @wst
@ðrjÞ ; ð8Þ
except at the origin, whereas the quantities Y0; Y1, here called prim-
itive strengths, stay in the inside of a (closed) strengthening surface, say
/ ¼ /ðY0;Y1Þ < 0: ð9Þ
A correspondence is established between the primitive strength
points, ðY0; Y1Þ, and the generalized effective plastic strain points,
ðj; rjÞ, which is similar to a deformation-theory plasticity law.
Namely, there exists a scalar l ¼ lðj; rjÞ such that:
j ¼ l@/=@Y0; rj ¼ l@/=@Y1
/ðY0;Y1Þ 6 0; lP 0; l/ ¼ 0

in V : ð10Þ
Fig. 1. Family of strengthening ellipses generated by varying the internal length
scale parameter, ‘.
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be found:
Y0 ¼ r0 jp  1
 
; Y1 ¼ ‘2r0 rjp
/ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Y0 þ r0ð Þ2 þ 1‘2 kY1k
2
q
 r0 6 0
l ¼ p for / ¼ 0; l ¼ 0 for / < 0
9>>=>>; in V ; ð11Þ
where p is given in (7).
The strengthening surface / ¼ 0 can be represented through its
projection on the plane with co-ordinates Y0 þ r0; kY1k. It has the
shape of an ellipse with semidiameters r0 and ‘r0, Fig. 1. Primitive
strengths values in the interior of the strengthening surface ð/ < 0Þ
pertain to the material being plastically undeformed. Primitive
strength values such that / ¼ 0 instead characterize a strength-
ened state of the material, which is featured by the generalized
effective plastic strains ðj; rjÞ displayed by the outward normal
to the strengthening surface at the relevant primitive strength
point.
A family of ellipses is generated with varying ‘, with diameters
OA ﬁxed, but OB increasing with ‘. The amplitude of the primitive
strength, AM, is allowed to take on higher values with higher ‘ val-
ues, or, at a constant ‘, with larger values of krjk. As it will be
clearer shortly, the primitive strengths play a crucial role in the
strengthening process occurring during plastic deformation.
An interpretation of the primitive strengths from the micro-
structural point of view can be attempted. Namely, j and rj
can be thought of to represent, respectively, the SSD (statistically
stored dislocation) density and the GND (geometrically necessary
dislocation) density (Ashby, 1970), whereas the primitive
strengths, Y0 and Y1, can be thought of to represent the respective
associated Peach–Koehler forces. As long as the latter forces are be-
low a certain threshold (here interpreted by the strengthening sur-
face), hence the material is still plastically undeformed, no
strengthening effects arise. Instead, if the primitive strengths are
at the strengthening limit, hence the material is already plastically
deformed, then strengthening effects do manifest themselves. The
latter effects are macroscopically described by a strengthening law
of the material which will be discussed shortly.
2.3. Restrictions on the constitutive equations
The thermodynamic restrictions on the constitutive equations
are derived in this subsection. As usual with the residual-based
gradient plasticity theory, the starting point is the (nonlocal) Clau-
sius–Duhem inequality, which (in the assumed isothermal condi-
tions) reads:D :¼ r : _e _wþ P P 0 in V ; ð12Þ
where D denotes the dissipation power density. Let us introduce the
notation:
X0 :¼
@wp1
@ep
; X 01 :¼
@wp1
@ðrepÞ ; X
00
1 :¼
@wp1
@ðrwpÞ ð13Þ
R0 :¼
@wp2
@r
; R1 :¼
@wp2
@ðrrÞ ; ð14Þ
where the third order tensors
X01 ¼ X 01kij
n o
¼ @wp1
@ð@kepijÞ
( )
; X 001 ¼ X001kij
n o
¼ @wp1
@ð@kwpijÞ
( )
ð15Þ
are, respectively, symmetric and antisymmetric with respect to the
index pair ði; jÞ. Also, let us assume a separate dependency of wp1 on
wp and let us further pose:
X ¼ Xðep;repÞ :¼ X0 r  X01 ð16Þ
P ¼ PðrwpÞ :¼ r  X001 ð17Þ
R ¼ Rðr;rrÞ :¼ R0 r  R1 ð18Þ
Y ¼ Yðj;rjÞ :¼ Y0 r  Y1; ð19Þ
where Y0 and Y1 are the primitive strengths previously introduced.
With the above notation in mind and expanding the time derivative
of w, inequality (12) can be rewritten as:
D ¼ r @we
@ee
 
: _ee þ ðr XÞ : _ep þP : _wp  R_r  Y _j
r  X01 : _ep þ X001 : _wp
 	r  ðR1 _rÞ
 r  ðY1 _jÞ þ P P 0 in V : ð20Þ
Since inequality (20) must be satisﬁed for whatever elastic–plastic
deformation mechanism, including purely elastic ones (for which
_ep ¼ _wp ¼ 0; _j ¼ 0; P ¼ 0), (20) implies the equality:
r ¼ @we
@ee
in V ð21Þ
which is the elasticity stress–strain relation. Under the assumption
that (21) holds also for general elastic–plastic deformation mecha-
nisms, (20) simpliﬁes as follows:
D ¼ ðr XÞ : _ep þP : _wp  R_r  Y _jr  X 01 : _ep þ X 001 : _wp
 	
r  ðR1 _rÞ  r  ðY1 _jÞ þ P P 0 in V : ð22Þ
By the bilinear dissipation condition (2), the plastic power density is
here expected to take on a form as
D ¼ r^ : _ep þ bP : _wp  bR _r  Y^ _j; ð23Þ
where r^; bP; bR and bY denote thermodynamic forces work-conju-
gate of the independent plastic strain rates, i.e. _ep; _wp; _r and _j
(11 independent plastic strain rate components in total). As a con-
sequence, substituting from (23) into (22) gives
P ¼ ðr^ rþ XÞ : _ep þ ð bP PÞ : _wp  ðbR  RÞ_r  ðbY  YÞ _j
þr  X 01 : _ep þ X 001 : _wp
 	þr  ðR1 _rÞ þ r  ðY1 _jÞ in V : ð24Þ
Next, by the insulation condition (in the assumed hypothesis that no
surfacial energy effects exist), we can write, after application of the
divergence theorem:Z
V
ðr^ rþ XÞ : _ep dv þ
Z
V
ð bP PÞ : _wp dv

Z
V
½ðbR  RÞ_r þ ðbY  YÞ _jdv
þ
Z
S
n  X 01 : _ep þ X 001 : _wp þ R1 _r þ Y1 _j

 
da ¼ 0; ð25Þ
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is an identity to be satisﬁed for whatever elastic–plastic deforma-
tion mechanism and evolution law, hence for arbitrary choices of
the ﬁelds _ep; _wp and _j, it thus encompasses the following ﬁeld
and boundary equations:
r^ ¼ r X; bP ¼ P; bR ¼ R; bY ¼ Y in V ð26Þ
n  X01 : _ep þ X001 : _wp
 	þ n  ðR1 _r þ Y1 _jÞ ¼ 0 on S: ð27Þ
Therefore, by (23) and (24), the expressions of the dissipation D and
of the residual P take on the forms
D ¼ ðr XÞ : _ep þP : _wp  R _r  Y _jP 0 in V ð28Þ
P ¼ r  X01 : _ep þ X001 : _wp
 	þr  ðR1 _rÞ þ r  ðY1 _jÞ in V : ð29Þ
It thus results that the constitutive model exhibits a kinematic
hardening behavior, which is described by the (total) back-stress
tensors X (symmetric) and P (antisymmetric); it also exhibits
two types of isotropic hardening, which are driven, respectively,
by the effective plastic strain variables, r and j, and described by
the (total) drug stresses, R and Y. The latter scalar variables in gen-
eral obey sharply different state equations, hence they may differ
considerably from each other, even in the case that r  j. As a
consequence of our previous assumptions, both variables are
homogeneous functions, R of degree m 1 P 1; Y of degree zero.
It thus follows that, if j ¼ jðxÞ and r ¼ rðxÞ are generic ﬁelds of
effective plastic strains in V, on multiplying both of them by an
arbitrary constant scalar, say a > 0, one can write:
Rðar;arrÞ ¼ am1Rðr;rrÞ
Yðaj;arjÞ ¼ Yðj;rjÞ
)
in V and 8a > 0: ð30Þ
The above means that, at difference of R; Y is insensitive to the
amplitude of the effective plastic strain and can thus be viewed as
an addition to the initial yield strength of the material. (This remains
true also if the ep ﬁeld is multiplied by an arbitrary a, since then it
is jðaepÞ ¼ jajjðepÞ and analogously for r.) The isotropic hardening
associated to Y can therefore be considered as a (ﬁctitious) one
capable to simulate strengthening effects. For this reason wst is
named strengthening potential and Y strengthening stress (or force).
Eq. (27) provides the higher order boundary conditions. Since
the higher order stresses X 01; X
00
1; R1; Y1 relate to hardening con-
stitutive behaviors modelled independently of one another, the ad-
dends of (27) must vanish all together, so obtaining the pertinent
higher order boundary conditions. These read:
_ep ¼ _wp ¼ 0; _r ¼ _j ¼ 0 on Sð1Þc
n  X 01 ¼ n  X 001 ¼ 0; n  R1 ¼ n  Y1 ¼ 0 on Sð1Þf
)
ð31Þ
Here, Sð1Þc denotes a part of S where some nonstandard con-
straints are located, which impede the onset of plastic strains (with
consequent dislocation pile-ups); whereas Sð1Þf denotes the comple-
mentary part over S, i.e. Sð1Þf :¼ S n Sð1Þc , where no such constraint are
located (hence dislocations can move freely outside and plastic
strains are unconstrained). Please note that the boundary condi-
tions (31) hold both in rate and time-ﬁnite forms (they are related
to the ﬁxed surface S). Also note that the above surface decompo-
sition, S ¼ Sð1Þc [ Sð1Þf , is not necessarily coincident with the standard
decomposition S ¼ Sc [ Sf , where Sc is the portion of S where the
displacements are assigned, Sf the one where the tractions are as-
signed. The boundary conditions (31) are typical for hard and free
boundary surfaces (Gurtin, 2004; Gurtin and Anand, 2005; Polizz-
otto, 2007). Intermediate forms of higher order boundary condi-
tions for either stiff or soft boundary surfaces (Fredriksson and
Gudmundson, 2005; Abu Al-Rub, 2008; Polizzotto, 2009b) are ab-
sent here due to the assumption of no surfacial energy effects.
The locality recovery condition, by (29), leads to the requirement
that the higher order stresses X01; X
00
1; R1 and the higher orderprimitive strength Y1 be each identically vanishing for whatever
uniform-plastic-strain deformation mechanism. This requirement
imposes restrictions upon the free energy potential w, which we
assume to be satisﬁed (Polizzotto, 2009c).
At the end of the present section, the constitutive model at hand
is featured by the state Eqs. (13)–(19) and (21), the dissipation and
residual expressions (28) and (29). Eqs. (16)–(19) are PDE systems
each of which can in principle be solved independently to express
the ep; wp; r and j ﬁelds in terms of the X; P; R and Y ﬁelds, pro-
vided the appropriate higher order boundary conditions in (31) are
accounted for.3. Evolution laws
On the basis of (28), in the hypothesis of rate-independent asso-
ciative plasticity, the evolution laws of the material can be set,
using a standard notation, as follows:
f :¼ gðr^;PÞ  R Y  r0 6 0; _kP 0; _kf ¼ 0
_ep ¼ _k@g=@r^; _wp ¼ _k@g=@P; _r ¼ _j ¼ _k
)
; ð32Þ
where _k is the plastic activation coefﬁcient and g is a positive deﬁ-
nite degree-one homogeneous function of the (symmetric, relative)
stress tensor r^ ¼ r X and the (antisymmetric) stress tensorP. The
effective plastic strain rates, _r and _j, coincide with each other and
are related to both the plastic strain rate, _ep, and the plastic spin,
_wp, that is
_j ¼ ðk _epk2 þ k _wpk2Þ1=2; ð33Þ
where we have assumed that
@g
@r^
 2 þ @g@P
 2 ¼ 1: ð34Þ
The evolution laws (32) admit a maximum dissipation principle,
which reads:
Dð _ep; _wp; _jÞ ¼ max
ðr^;bP;bRÞ r^ : _ep þ bP : _wp  bR _j
 
subject to gðr^; bPÞ  bR  r0 6 0
9>=>;; ð35Þ
where we have set r^ :¼ r X; bP :¼ P and bR :¼ Rþ Y . The latter
theorem gives the stress state ðr^; bP; bRÞ under which the generic
material element is able to experience a speciﬁed plastic deforma-
tion mechanism, i.e. ð _ep; _wp; _jÞ. It can be easily shown that the Eu-
ler–Lagrange equations of (35) coincide with the evolution laws
(32). The optimal objective function of (35), D, has the same fea-
tures as in classical plasticity, and in particular satisﬁes the
equalities:
r X ¼ @D
@ _ep
; P ¼ @D
@ _wp
; Rþ Y ¼  @D
@ _j
ð36Þ
which hold if, and only if, the plastic deformation mechanism is a
nontrivial one; otherwise, (36) loses meaning, but gðr X; PÞ
R Y  r0 < 0 correspondingly.
Let us note that the nonsimple nature of the material does not
emerge through the theorem (35), but it does if, in addition to
the stress state, one wishes to evaluate the related strain state.
Since the reasoning to be used for the proof of the above is similar
to one used in an analogous circumstance (Polizzotto, 2007), this
point is skipped here for brevity.
It is worth remarking that the ﬂow rule in (32) does depend on
the actual stress and plastic strain states of the material. If, at a gi-
ven state in the body, the plastic strain ﬁeld is scaled by some
a > 0, such that
ep ! aep; wp ! awp; j! aj ð37Þ
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X ! am1X; P! am1P; R ! am1R; Y ! Y ; ð38Þ
we can write, correspondingly,
f ! gðr am1X;am1PÞ  am1R Y  r0 6 0 in V : ð39Þ
This means that the sum ry :¼ Y þ r0 can be regarded as the ac-
tual initial yield strength of the material, which is larger than r0 if
Y > 0 (strengthening), but smaller than r0 if Y < 0 (weakening). In
the following, the word ‘‘strengthening” will be used cumulatively.
It is worthwhile to note that, if wst was a function of plastic
strain, ep, instead of the effective plastic strain, j, the strengthen-
ing effects would be simulated by a (ﬁctitious) kinematic harden-
ing instead of an isotropic one. This would have not only just
nominal consequences, since in fact in the assumed hypothesis,
Eqs. (32)–(35) would continue to hold, but with Y expressed as
Y ¼ Z : N; ð40Þ
where N :¼ _ep=k _epk; kNk ¼ 1 and
Z0 :¼ @wst=@ep; Z1 :¼ @wst=@ðrepÞ
Z :¼ Z0 r  Z1

: ð41Þ
These relations imply that, on scaling ep and _ep by an arbitrary
factor a, the strengthening force Y changes into signðaÞY , and this
in turn implies that, on reversing the sign of _ep, the strengthening
effect changes into weakening and viceversa. This is an unpleasant
behavior which is avoided by considering wst depending on the
effective plastic strain instead of the plastic strain, as we do in
the present paper.
In closing this section, let us note that the evolution laws (32),
together with the state equations (13)–(19) and (21), besides the
equilibrium and compatibility equations, govern the relevant
boundary–value problem for a given micro/nano scale structure
subjected to given loads and speciﬁed initial conditions. (Note:
The equilibrium and compatibility equations remain exactly the
same as in classical solid mechanics.) The constitutive relations
(8), holding only if the plastic strains are not identically vanishing,
can be effectively replaced by (11). We assume that this problem
admits a solution, at least in principle. The solution to the corre-
sponding rate problem can be characterized by a minimum princi-
ple, extension to gradient plasticity of an analogous principle of
classical ﬂow plasticity theory. Such extension can be achieved fol-
lowing a reasoning path quite similar to one in (Polizzotto, 2007)
and it is thus skipped for brevity. An analogous principle for defor-
mation-theory plasticity can be equally proved, following (Fleck
and Willis, 2008; Polizzotto, 2007).4. Perfectly plastic material with strengthening effects
4.1. General
If in the treatment of the preceding sections we suppress w p1
and wp2, no kinematic, nor isotropic hardening effects are exhibited
by the material model, except for the ﬁctitious isotropic hardening
that simulates strengthening. The resulting material proves to be a
perfectly plastic one capable to manifest strengthening effects dur-
ing deformation. Such a material model is quite interesting be-
cause, as observed by Anand et al. (2005), it enables us to
address material strengthening effects under the light of classical
plastic limit analysis.
Under the above assumption, the developments of Sections 2
and 3 continue to hold, but with wp1 ¼ wp2 ¼ 0 and thus Eqs.
(13)–(18) loose meaning, whereas Eqs. (8), (19), (28), (29), (31)
and (32) become, respectively:D ¼ r : _ep  Y _jP 0 in V ð42Þ
P ¼ r  ðY1 _jÞ in V ð43Þ
Y ¼ Yðj;rjÞ :¼ Y0 r  Y1 in V
_j ¼ 0 on Sð1Þc ; n  Y1 ¼ 0 on Sð1Þf
)
ð44Þ
f ¼ gðrÞ  Y  r0 6 0; _kP 0; _kf ¼ 0
_ep ¼ _k@g=@r; _j ¼ _k
)
in V : ð45Þ
Here, Eq. (44)1 coincides with (19) and is here reported again for
more clarity. Eqs. (33)–(36) are still valid, but with X ¼ P  0;
R  0; _wp  0, hence r^  r.
In the conditions being considered, the body is expected to ex-
hibit a behavior similar to the one of a classical perfectly plastic
material structure under monotonically increasing load. At a cer-
tain value of this load, an instantaneous collapse mechanism oc-
curs and the load stops increasing further, while the structure
continues to deform plastically at a constant load, the value of
which is related to the increased yield strength of the material.
Since, as already noted in Section 1, the amount of this strengthen-
ing is not known in advance, we have to evaluate it by solving a
speciﬁc problem of a nonclassical plastic limit analysis for the
strengthening material.
In relation to this problem, a few general considerations can be
advanced at this point. Let the structure ﬁnd itself in a limit state of
collapse and let _ep; _j describe the relevant collapse mechanism. At
points of Vp # V where the yield condition is reached, we have by
(45):
Y ¼ gðrÞ  r0 in Vp#V ; ð46Þ
which holds during the unconstrained deformation. Since _r ¼ 0
everywhere, it follows that the strengthening stress has to be time-
independent in the limit state, _Y ¼ 0. Also, let us remember that Y
is a positively degree-zero homogeneous function of j and rj
and that j is expressed by the last equality in (45)5, which is equiv-
alent to
jðx; tÞ ¼
Z t
0
_kðx;tÞdt 8x 2 V ; ð47Þ
where jðx; 0Þ  0 by assumption. A necessary and sufﬁcient condi-
tion in order that the time variable t disappear as an (implicit) argu-
ment of Y is that _k be time independent, i.e. _k  KðxÞ, such that (47)
becomes
jðx; tÞ ¼ tKðxÞ 8x 2 V : ð48Þ
Correspondingly, wst ¼ w stðK; rKÞ and, in the region Vp # V where
KX 0, the primitive strengths are expressed as
Y0 ¼ @wst
@K
; Y1 ¼ @wst
@ðrKÞ ; in Vp#V ; ð49Þ
whereas the strengthening stress, Y, is given by
Y ¼ YðK;rKÞ :¼ Y0ðK;rKÞ  r  Y1ðK;rKÞ in Vp#V : ð50Þ
The latter equation is a second order PDE in the space variable K, to
be used to evaluate the shape of the collapse mechanism together
with the related strengthening stress distribution. For this purpose,
the higher order boundary conditions in (44) must be accounted for,
cast in the equivalent form
K ¼ 0 on Sð1Þpc ; n  Y1ðK;rKÞ ¼ 0 on Sð1Þpf ; ð51Þ
where Sð1Þpc and S
ð1Þ
pf denote the portions of S
ð1Þ
c S
ð1Þ
f lying on Sp ¼ @Vp.
The higher order boundary conditions upon SpðintÞ, the internal sur-
face that separates Vp from the rest of the body (if nonempty) must
be inforced as
K ¼ n  Y1 ¼ 0 on SpðintÞ: ð52Þ
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with j replaced by K. Obviously it is /  0 in Vp, but / < 0 in
V n Vp.
It is useful to note that the wst of (7) here takes on the form
wst ¼ r0ðpKÞ; p :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2 þ ‘2krKk2
q
; ð53Þ
that correspondingly the primitive strengths and the strengthening
stress are expressed as
Y0 ¼ r0 Kp  1
 
; Y1 ¼ ‘2r0rKp ð54Þ
Y ¼ r0 Kp  1 ‘
2r  rK
p
  
; ð55Þ
whereas the static-type higher order boundary condition reads
n  Y1 ¼ ‘2n  rK=p ¼ ‘2@nK=p ¼ 0 on Sð1Þf : ð56Þ
Obviously, the latter higher order boundary condition drops for a
simple material ð‘ ¼ 0Þ.
4.2. The plastic collapse load problem
Let the considered structure be subjected to loads that include
volume forces sbðxÞ in V and surface tractions stðxÞ on Sf  S, where
s > 0 is a load multiplier. Guided by classical limit analysis, the set
of equations which govern the plastic collapse mechanism for a
material with strengthening effects can be written out as follows:
r  rþ sb ¼ 0 in V ; n  r ¼ st on Sf ðequilibrium cond:sÞ
ð57Þ
f ¼ gðrÞ  Y  r0 6 0; KP 0; Kf ¼ 0 in V ðyield cond:sÞ
ð58Þ
Ep ¼ K@g=@r; K ¼ kEpk in V ðflow ruleÞ ð59Þ
Ep ¼ rsymu in V ; u ¼ 0 on Sc ðcompatibility cond:sÞ ð60Þ
WðuÞ :¼
Z
V
b  udv þ
Z
Sf
t  uda ¼ 1 ðnormalization cond:Þ ð61Þ
Y ¼ Y0ðK;rKÞ  r  Y1ðK;rKÞ in V ðstrengthening lawÞ
ð62Þ
K ¼ 0 on Sð1Þc ; n  Y1 ¼ 0 on Sð1Þf ðhigher order bound: cond:sÞ;
ð63Þ
where Y0 and Y1 are given by (49) and the whole volume is as-
sumed plastically deformed in the limit state ðVp ¼ VÞ.
Here, all variables (except s) are space variables. As for their phys-
ical meaning, let us observe that the strain tensor Ep describes the
shape of the collapse mechanism and is compatible with the
displacement ﬁeld u vanishing on Sc :¼ S n Sf . Since the kinematic
variables ðK; Ep; uÞ can be freelymultiplied by an arbitrary positive
scalar, without changing the mathematical features of the problem,
and inparticularwithout affecting thepotentialwst, nor thedifferen-
tial form (62), follows that these variables can be usefully normal-
ized by writing the normalization condition (61). The latter
condition is well-known within classical limit analysis.
Problem equations (57)–(63) and (49) encompasses twenty-two
ﬁeld equations, aside an equal number of unknowns, i.e.
s; r; Ep; K; u; Y; Y0; Y1. This problem has a resemblance to the
classical limit analysis problem in the circumstance that the elastic-
ity law is there not involved, whichmeans that the classical concept
of rigid-plastic material is valid also in the present context. There is
however a crucial difference between the above problem and the
classical one. This consists in the presence of the strengthening
stress, Y, in the yield function f. This stress Y is, by (62), expressed
as a second order PDE in the effective plastic strain,K, and is accom-
panied by the higher order boundary conditions (63). This circum-stance introduces a coupling between the static variables ðs; rÞ
and the kinematic ones ðK; E p; uÞ, which does not exist in the clas-
sical limit analysis problem.
Problem equations (57)–(63) and (49) can be solved numerically
with FEM procedures, like in (Anand et al., 2005) for one-dimen-
sional shear models. In this concern one has to remark that, besides
the loading data, the problem at hand possesses, as an additional
piece of data, a length scale parameter, say ‘. The latter is carried in
by the strengthening stress Y, which in fact depends implicitly on
‘, in such a way that Y ! 0 as ‘ ! 0. This amounts to stating that
no strengthening effects arise for a simple material ð‘ ¼ 0Þ, and that
therefore problem equations (57)–(62) and (49) coincides with the
classical one correspondingly (note that the higher order boundary
conditions drop out in the latter case). For any ﬁxed ‘ > 0, the above
problem is expected to admit a unique solution, which should be a
continuous function of ‘. Of course, for comparison purposes partic-
ularly with experimental results, it is of high interest to investigate
how this solution changes with changing ‘, and in particular how
the actual initial yield stress of the strengthening material,
ry ¼ r0 þ Y , changes correspondingly for a given structure or
specimen.
The above collapse load problem can be shown to admit a un-
ique solution, which is assumed to exist. For this purpose, let the
symbols ðÞ0 and ðÞ00 denote two different solutions that by hypoth-
esis there exist. Then, with the notation D :¼ ðÞ0  ðÞ00, and by the
virtual work principle, we can write:Z
V
Dr : DEp dv ¼ DsWðDuÞ ¼ 0; ð64Þ
since WðDuÞ ¼ Wðu0Þ Wðu00Þ ¼ 0, that is, in extenso,Z
V
b  Dudv þ
Z
Sf
t  Duda ¼ 0: ð65Þ
If DuX 0, then u0 and u00 may differ from each other by a dis-
placement ﬁeld orthogonal to the load. We can exclude the exis-
tence of such spurious solutions and admit that Du  0, from
where it necessarily follows that, everywhere in V, it is
DEp  0;DK  0; DY  0;Dr  0. Therefore, the solution is
unique.
5. Lower bound and upper bound theorems
In this section, the lower bound and upper bound theorems of
classical plastic limit analysis are extended to the present context.
5.1. Extended lower bound theorem
We deﬁne statically and plastically admissible load multiplier, say
s, one to which we can associate a stress, a strengthening stress and
some primitive strength ﬁelds, say r; Y ; Y0; Y1, satisfying the fol-
lowing conditions, that is:
r  rþ sb ¼ 0 in V ; n  r ¼ st on Sð1Þf ð66Þ
f :¼ gðrÞ  Y  r0 6 0 in V ð67Þ
/ :¼ /ðY0; Y1Þ 6 0 in V ð68Þ
Y ¼ Y0 r  Y1 in V ð69Þ
n  Y1 ¼ 0 on Sð1Þf : ð70Þ
The following lower bound theorem can be proved:
A statically and plastically admissible load multiplier, s, cannot be
larger than the collapse load multiplier, say s.
Proof. Let the state of the body in the plastic collapse be described
with unmarked symbols as s; r; Y ; u, etc. Then, by Drucker’s
inequality we can write:
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This, by an integration over V, applying the virtual work principle
and remembering (61), gives
sP sþ
Z
V
ðY  YÞKdv: ð72Þ
By (69) and the analogous one for Y, we can write:Z
V
ðY  YÞKdv ¼
Z
V
½Y0  Y0 r  ðY1  Y1ÞKdv
¼
Z
V
½ðY0  Y0ÞKþ ðY1  Y1Þ  rKdv

Z
S
n  ðY 1  Y1ÞKda ð73Þ
The surface integral on the r.h. side of (73) is vanishing due to the
higher order boundary conditions (70) and (63). Next, remembering
(49), but with j replaced by K, we can rewrite (73) as follows:Z
V
ðY  YÞKdv ¼
Z
V
l ðY0  Y0Þ @/
@Y0
þ ðY1  Y1Þ  @/
@Y1
 
dv
P
Z
V
l½/ðY0;Y1Þ  /ðY0; Y1Þdv : ð74Þ
Since l/ ¼ 0; lP 0 everywhere in V, Eq. (74) gives, by (68),Z
V
ðY  YÞKdv P 
Z
V
l/ðY0; Y1Þdv P 0: ð75Þ
Finally, as a consequence of the latter inequality, (72) implies the
following one:
sP s: ð76Þ
The set of statically and plastically admissible load multipliers in-
clude the collapse load multiplier, s, hence the equality sign in
(76) is actually possible. The theorem is so proved. h5.2. Extended upper bound theorem
Here we deﬁne kinematically admissible load multiplier, say s^, one
to which we can associate some kinematic ﬁelds bEp; bK; u^, satisfy-
ing the equations:bEp ¼ rsymu^ in V ; u^ ¼ 0 on Sc ð77ÞbK ¼ 0 on Sð1Þc ð78Þ
Wðu^Þ ¼ 1 ð79Þ
and has the value
s^ :¼
Z
V
½DðbEp; bKÞ þ wstðbK;rbKÞdv: ð80Þ
Hereabove, D is the dissipation function in (35), but with the plastic
spin removed.
The following upper bound theorem can be proved:
A kinematically admissible load multiplier, s^, cannot be smaller
than the collapse load multiplier, say s.
Proof. Let the collapse state of the structure be described by
unmarked symbols, say s; r, etc. Then, by the convexity of D and
wst we can write the inequalities:
DðbEp; bKÞP DðEp;KÞ þ r : ðbEp  EpÞ  YðbK KÞ
wstðbK;rbKÞP wstðK;rKÞ þ Y0ðbK KÞ þ Y1  rðbK KÞ
)
in V ;
ð81Þ
where the partial derivatives have been replaced with the pertain-
ing stress and strength variables according to (36) and (49). Substi-
tuting (81) into (80) then givess^P
Z
V
DðEp;KÞ þ wstðK;rKÞ½ dv
þ
Z
V
r : ðbEp  EpÞdv þ Z
V
ðY þ Y0 r  Y1ÞðbK KÞdv
þ
Z
S
n  Y1ðbK KÞda: ð82Þ
Considering that, by the virtual work principle, it isZ
V
r : ðbEp  EpÞdv ¼ s½Wðu^Þ WðuÞ ¼ 0; ð83Þ
and that the last two integrals of (82) are vanishing by (62), (63)
and (78), it follows that:
s^P
Z
V
½DðEp;KÞ þ wstðK;rKÞdv : ð84Þ
SinceZ
V
½DðEp;KÞ þ wstðK;rKÞdv ¼
Z
V
½r : Ep  YKþ Y0Kþ Y1  rKdv
¼
Z
V
r : Ep dv ¼ s; ð85Þ
it ﬁnally follows the inequality:
s^P s: ð86Þ
The theorem is so proved. h6. Variational formulations of the plastic collapse load problem
Like in classical plastic limit analysis, the lower bound and
upper bound theorems of the preceding section permit one to eval-
uate the collapse load multiplier, either as the maximum of lower
bound values, or as the minimum of upper bound values. This gives
rise to two alternative formulations.
6.1. Lower bound or static-type formulation
Basing on the theorem of Subsection 5.1, we formally can ex-
press the load multiplier, say sc, as follows:
sc ¼ maxðr;Y ;Y0 ;Y1Þ s ð87Þ
subject to the constraint equations (66)–(70), (without the upper
bars for simplicity of writing).
We can demonstrate that the above optimization problem con-
stitutes a true variational principle for the (plastic) collapse load
problem. For this purpose, let the mentioned constraints be ap-
pended to the negative objective function, except the constraint
(70), left as side condition. The augmented Lagrangian functional
proves to be
L1 ¼ sþ
Z
V
u  ðr  rþ sbÞdv 
Z
Sf
u  ðn  r stÞda
þ
Z
V
K½gðrÞ  Y  r0dv þ
Z
V
l/ðY0;Y1Þdv; ð88Þ
where u; KP 0; lP 0 denote a displacement-like and scalar La-
grange multipliers, and the variable Y is meant to be a differential
form like in (69). The ﬁrst variation of (88), after some mathematics,
can be cast as follows:
dL1 ¼ ds½1þWðuÞ þ
Z
V
dl/dv þ
Z
V
dY0 Kþ l @/
@Y0
 
dv
þ
Z
V
dY1  rKþ l @/
@Y1
 
dv þ
Z
S
n  dY1Kda

Z
V
dr : rsymuK @g
@r
 
dv þ
Z
Sc
n  dr  uda: ð89Þ
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trary variations, but dK and dl complying with the sign conditions
Kþ dKP 0 and lþ dlP 0 everywhere in V. This is possible if,
and only if, the variables therein involved, including the Lagrange
multipliers and the strain tensor Ep :¼ K@g=@r, solve the collapse
load problem. Indeed, the Lagrange multipliers take on appropriate
physical meanings, u is the solution displacement ﬁeld, K and l
the relevant consistency coefﬁcients. The converse is also true,
i.e. the solution to the collapse load problem solves the maximum
problem, since in fact, in the latter case, the ﬁrst variation (89) is
vanishing, whereas the associated s value can be shown to be the
maximum value among all statically and plastically admissible
ones. The proof is complete. h
Remark 1. In the case of no strengthening effects (simple material),
the maximum principle above coincides with its classical coun-
terpart, as it can be easily veriﬁed.6.2. Upper bound or kinematic-type formulation
Basing on the theorem of Subsection 5.2, the collapse load mul-
tiplier can formally be expressed as
sc ¼ min
ðEp ;K;uÞ
L2 :¼
Z
V
½DðEp;KÞ þ wstðK;rKÞdv ð90Þ
subject to the constraint equations (77) and (79), (but without hat
signs for simplicity of writing).
The above minimization problem constitutes a true variational
principle for the collapse load problem, as we prove hereafter. Pro-
ceeding as in the case of the maximum problem, let the mentioned
constraints be appended to L2. Thus we can write the augmented
Lagrangian functional as
La2 ¼
Z
V
½DðEp;KÞ þ wstðK;rKÞdv þ s½1WðuÞ

Z
V
r : ðEp rsymuÞdv 
Z
Sc
n  r  uda; ð91Þ
where s and r are suitable scalar and stress-like Lagrange multipli-
ers. The constraint (78) is left as side condition. No sign constraint is
needed for K since it is incorporated in both D and wst through their
being positively homogeneous. The ﬁrst variation of La2 reads, after
some mathematics:
dLa2 ¼
Z
V
dEp :
@D
@Ep
 r
 
dv þ
Z
V
dK
@D
@K
þ @wst
@K
r  @wst
@ðrKÞ
 
dv
þ
Z
S
n  @wst
@ðrKÞ dKda
Z
V
du  ðr  rþ sbÞdv
þ
Z
Sc
du  ðn  r stÞdaþ dsð1WðuÞÞ

Z
V
dr : Ep rsymu 	dv  Z
Sc
n  dr  uda: ð92Þ
If the set ðEp;K;uÞ, for which dLa2 is computed, solves the minimiza-
tion problem, then dLa2 must vanish identically for whatever varia-
tions, but dK ¼ 0 on Sð1Þc , which leads to the Euler–Lagrange
equations, i.e.
r ¼ @D
@Ep
in V ð93Þ
Y :¼ @wst
@K
r @wst
@ðrKÞ ¼ 
@D
@K
in V ð94Þ
r  rþ sb ¼ 0 in V ; n  r ¼ st on Sf ; ð95Þ
n  Y1 ¼ 0 on Sð1Þf Y1 :¼
@wst
@ðrKÞ
 
ð96Þ
besides the kinematic conditions (77) and (79). Eqs. (93) and (94)
imply that r and Y, being derived from the dissipation function D,
satisfy the yield conditions, i.e.f :¼ gðrÞ  Y  r0 6 0; KP 0 Kf ¼ 0 in V : ð97Þ
Also, (95) states that r is a Cauchy stress in equilibrium with
the load ampliﬁed by s, whereas (96) states that the higher order
primitive strength, Y1, complies with the static higher order
boundary condition on Sð1Þf . Indeed, the Lagrange multipliers take
on precise physical meanings. It can thus be concluded that the
solution ðEp; K; uÞ of the minimization problem, together with
the stress r and the strengthening stress Y, solve the collapse
load problem.
The converse is also true. In fact, denoting by ðs; r; K; Ep; uÞ
the solution to the collapse load problem, we can write
correspondingly:
L2½Ep þ dEp;Kþ dK ¼ L2½Ep;K þ dL2 þ d2L2; ð98Þ
where dEp and dK are arbitrary variations complying with the prob-
lem’s constraints, whereas dL2 and d2L2 denote the ﬁrst and second
variation of L2 computed at the mentioned solution. Since dL2 ¼ 0
and moreover d2L2 > 0 due to convexity of D and wst, it follows:
L2½Ep þ dEp;Kþ dKP L2½Ep;K: ð99Þ
This inequality holds for whatever variations dEp and dK com-
plying with (77) and (79), with the equality sign if, and only if,
the variations are all identically null. Therefore, the considered
set ðs; r; K; Ep; uÞ is also the unique solution to the minimization
problem. The proof is so complete. h
Remark 2. If no strengthening effects are allowed (simple material),
the minimum problem above coincides with its classical
counterpart.7. Comparison with other theories
It is useful to assess in which extent the proposed theory is able
to reproduce other analogous theories of the literature.
7.1. Gradient plasticity theory by Aifantis
The gradient plasticity theory envisaged by Aifantis (1984,
1987, 2003) can be easily obtained as a particular case of the
proposed one by assuming wp1 ¼ wst ¼ 0 and wp2 ¼ 12 ‘2hkrjk2,
such that X ¼ 0; Y ¼ 0; R0 ¼ 0; R1 ¼ ‘2hrj; R ¼ ‘2hr2j. The
yield function then takes the form
f ¼ gðrÞ  ‘2hr2j r0 6 0; ð100Þ
where r2 is the Laplacian operator. The yield function (100) coin-
cides with the one used within the theory by Aifantis.
7.2. Gradient theories based on the virtual work principle
In a recent paper (Polizzotto, 2009c) we showed that the resid-
ual-based gradient plasticity theory can be recast in a residual-free
form fully equivalent to the well-known gradient plasticity theory
based on the virtual work principle (VWP) (Gurtin, 2004; Gud-
mundson, 2004; Gurtin and Anand, 2005; Fredriksson and Gud-
mundson, 2005; Anand et al., 2005). It is useful to brieﬂy resume
this transformation. The key point consists in introducing the con-
cept of intrinsic energy production (or power expenditure after Gurtin
(2004)), which is here taken in the form:
x :¼ r : _ee þ rp : _ep þ spT ...r _ep; ð101Þ
where r; rp; sp are stresses work-conjugate of _ee; _ep and r _ep,
respectively. It also consists in replacing: (i) the insulation condition
(1) with the equivalent energy balance condition, that is (in the pres-
ent case of free/hard boundary surface):
Fig. 2. Geometrical sketch of the adopted shear model.
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V
xdv ¼
Z
V
r : _edv; ð102Þ
and (ii) the (nonlocal) Clausius–Duhem inequality (12) with the
equivalent residual-free form of it, i.e.
D ¼ x _wP 0 in V ; ð103Þ
where w ¼ weðeeÞ þ w p1ð _ep; r _epÞ; wp2 ¼ wst ¼ 0. Moreover, like in
the VWP-based theory, the bilinear dissipation condition (2) is no
longer a constitutive hypothesis (which automatically implies that
_ep and r _ep need being modelled independently of each other).
Since Eqs. (102) and (103) have to hold for whatever elastic/
plastic deformation mechanism, we easily obtain the so-called
microforces equilibrium equations and the related higher order
boundary condition (Gurtin, 2004), which in the present case read:
r ¼ rp r  sp in V ð104Þ
_ep ¼ 0 on Sð1Þc ; n  sp ¼ 0 on Sð1Þf ; ð105Þ
where r ¼ @we=@ee, as well as the dissipation expression
D ¼ r	 : _ep þ s	T ...r _ep P 0 in V ; ð106Þ
where
r	 ¼ rp  r^p; s	 ¼ sp  s^p
r^p :¼ @wp1=@ep; s^p :¼ @wp1=@rep
)
ð107Þ
As in the VWP-based theory, the microstresses rp and sp remain
each without a state equation, but they can be modelled within the
evolution equation formulation, for instance according to a power-
law visco-plastic model as in (Gurtin, 2004; Gurtin and Anand,
2005; Anand et al., 2005; Lele and Anand, 2008). This task is
achieved by writing the constitutive equations
r	 ¼ r0 dd0
 m _ep
d
; s	 ¼ ‘2r0 dd0
 mr _ep
d
; ð108Þ
where d0 is a reference effective plastic strain rate and
d :¼ ðk _epk2 þ kr _epk2Þ1=2: ð109Þ
Substituting (108) into (104) and (107) gives
r ðr^p r  s^pÞ ¼ r0 dd0
 m _ep
d
 ‘2r  d
d0
 mr _ep
d
  
ð110Þ
D ¼ r0 dd0
 m
d; ð111Þ
which coincide with, or are strongly similar to, analogous equations
given by Anand et al. (2005), Lele and Anand (2008).
The point of main concern here is about the way the strength-
ening effects are extracted from (110) within the VWP-based the-
ory. For simplicity sake, the case of one-dimensional stress/strain
state is considered, such that _ep ¼ _j. In order that the latter effects
be exempt from the inﬂuence of the plastic strain rate, the power
exponent m needs being taken close to zero, such as to mimic a
rate-independent plasticity model. This implies that, at the limit
for m ! 0, (110) becomes:
r r^ef ¼ r0
_j
d
 ‘2r  r _j
d
  
; r^ef :¼ r^p r  s^p ð112Þ
which proves to be a degree-zero homogeneous function of _j andr _j.
Furthermore, since in the plastic collapse limit state of the structure
it is _j ¼ K, and remembering (7) and (53)2, Eq. (112) is equivalent
to
r r^ef ¼ r0 Kp  ‘
2r  rK
p
  
; p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2 þ ‘2krKk2
q
ð113Þand thus we can set
Y :¼ r r^ef  r0 ¼ r0 Kp  1 ‘
2r  rK
p
  
; ð114Þ
which coincides with (56).
Our conclusion is that the capacity of the visco-plastic model,
and in particular of (110), to capture strengthening effects is not
due to the presence of the plastic strain rate gradient as it may ap-
pear evident at a ﬁrst glance (in the limit state the plastic strain
rate ﬁeld changes homothetically to the plastic strain ﬁeld). In-
stead, it depends upon the circumstance that, for m ! 0, Eq.
(110) tends to behave as a homogeneous function of degree zero with
respect to its arguments. This outcome is in perfect agreement with
our constitutive assumptions.
8. Application
The shear model of Fig. 2 has been considered for a simple
application of the nonclassical plastic limit analysis expounded
previously. The problem consists in ﬁnding the collapse load
sc ¼ scs0, where s0 denotes the yield strength of the plastically
undeformed material, as well as the collapse mechanism in terms
of shear strain proﬁle cpðyÞ.
The governing equations (57)–(63), noting that K ¼ cp P 0
and that the yield condition is everywhere reached at collapse,
can be written:
cp
p
 ‘2 c
0
p
p
 0
¼ sc; H2 < y <
H
2
 
; ð115Þ
p :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p þ ‘2 c0p
 2r
; ð116Þ
s0uðH=2Þ ¼ s0
Z H=2
H=2
cpðyÞdy ¼ s0H ðnormalization conditionÞ;
ð117Þ
cpðH=2Þ ¼ cpðH=2Þ ¼ 0; uðH=2Þ ¼ 0; ð118Þ
where the primes denote derivative with respect to y. Eqs. (115)–
(118) coincide with analogous equations given by Anand et al.
(2005). The normalization condition (117), counterpart of (61),
amounts to imposing a conventional unit mean shear strain, i.e.
uðH=2Þ=H ¼ 1. It is convenient to adimensionalize the above prob-
lem by introducing the new variable g ¼ y=H; ð1=2 6 g 6 1=2Þ,
and the size ratio n :¼ H=‘. Then, Eqs. (115)–(118), written for the
half domain 0 6 g 6 1=2, transform as follows:
Results from present paper
Results from Anand et al. 2005
Upper bound curve
Lower bound curve
0 5 10 15 20 25 30
0
1
2
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5
Fig. 4. Collapse load multiplier ðsc ¼ sy=s0Þ/ size ratio ðn ¼ H=‘Þ diagram showing a
series of the present results (ﬁlled circles) and the analogous ones by Anand et al.
(2005) (empty circles), all falling between the lower and upper bound curves.
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Fig. 3. Plastic shear strain proﬁles cpðy=HÞ characterizing the deformation modes of
the shear model at collapse for different values of the size ratio n ¼ H=‘.
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p
 1
n
c0p
p
 0
¼ sc; ð0 < g < 1=2Þ; ð119Þ
p :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðncpÞ2 þ ðc0pÞ2
q
; ð120ÞZ 1=2
0
cpðgÞdg ¼ 1=2; ð121Þ
c0pð0Þ ¼ 0; cpð1=2Þ ¼ 0; ð122Þ
where the primes denote derivative with respect to g.
In order to solve the above differential–integral problem, the
following transformation is adopted:
cos h ¼ ncp
p
; sin h ¼  c
0
p
p
ð123Þ
such that
c0p
cp
¼ n tan h; ð124Þ
where h ¼ hðgÞ is an unknown function. Substituting (123) into
(119) gives the differential equation
h0 ¼ nðsc sec h 1Þ; ð0 < g < 1=2Þ ð125Þ
which holds with the boundary conditions
hð0Þ ¼ 0; hð1=2Þ ¼ p=2 ð126Þ
corresponding, respectively, to (122)1 and (122)2. By integration,
(125) gives
hðgÞ ¼ nsc
Z g
0
sec hðtÞdt  ng; ð127Þ
which already satisﬁes (126)1. On imposing condition (126)2, one
obtains the collapse load multiplier as
sc ¼ 1þ p=n
2
R 1=2
0 sec hðtÞdt
: ð128Þ
By an integration of (119) over the interval (0,1/2) one can write
2
n
6 2
Z 1=2
0
ncp
p
dgþ 2 c
0
p
p
 1=2
0
6 1þ 2
n
; ð129Þ
therefore sc, as sc P 1, is bounded as follows:
max 1;
2
n
 
6 sc 6 1þ 2n : ð130Þ
The upper bound in (130) coincides with a result given by Anand
et al. (2005).
Next, substituting from (128) into (127) gives an integral equa-
tion as
hðgÞ ¼ ðnþ pÞ
R g
0 sec hðtÞdt
2
R 1=2
0 sec hðtÞdt
 ng ð131Þ
which has to be used to evaluate hðgÞ. In the present application, an
approximate solution to (131) has been found by an iterative proce-
dure of the type
hnðgÞ ¼ ðnþ pÞ
R g
0 sec hn1ðtÞdt
2
R 1=2
0 sec hn1ðtÞdt
 ng; ðn ¼ 1;2; . . . :Þ ð132Þ
for a sequence of n values, say ni; ði ¼ 1; 2; . . . ; 10Þ, from n1 ¼ 0:5 to
n10 ¼ 30. The initial ðn ¼ 0Þ trial function for n1 has been chosen in
the form
h0ðgÞ ¼ p½1 að0:5 gÞg; ð133Þ
with a suitably chosen within the interval (0,1), whereas for the
other ni; ði ¼ 2; . . . ; 10Þ, it has been taken coincident with theapproximate solution relative to ni1. With the Mathematica pro-
gram, about 20–30 iterations were needed for every size case. Some
troubles have been generated by the singularity of the integrand in
(131) at the extreme g ¼ 1=2, as better explained shortly.
Next, Eq. (124) can be used to determine the shear strain cp. By
an integration and imposing the normalization condition (121) one
obtains:
cpðgÞ ¼
exp n R g0 tan hðtÞdt
 
2
R 1=2
0 exp n
R z
0 tan hðtÞdt

 
dz
; ð0 6 g 6 1=2Þ: ð134Þ
The obtained results are shown in Figs. 3 and 4. Fig. 3 shows the
plastic strain proﬁles cpðgÞ for few size cases. Every proﬁle sub-
tends an area conventionally equal to unity, it thus represents
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through its own shape. The straight line proﬁle corresponds to
the classical case ðn ¼ 1Þ.
On comparing the latter results with the analogous ones by
Anand et al. (2005), one can note some (small) differences, partic-
ularly near the boundaries. These differences are likely due to the
following circumstances:
 The solutions by Anand et al. (2005) are FEM elastic–viscoplastic
solutions obtained using a small value of the power-law expo-
nent to simulate rate independency (see Fig. 3 in Anand et al.
(2005)).
 The present solutions are rigid-plastic solutions, but likely
affected by the disturbances caused by the singularity of the
integrand of (132) mentioned above. These disturbances mani-
fest themselves particularly close to the boundaries, where the
strain proﬁles (exhibiting very sharp slopes) lose exactness.
 The corresponding strain proﬁles in the two solution series show
some (small) differences in shape which are likely due to the dif-
ferent constitutive models therein adopted (rigid-plastic vs.
elastic–viscoplastic).
Apart from these (minor) differences, the two series of results
can be considered substantially in good agreement, especially if
one considers that completely different solution techniques have
there been used. The formation of boundary layers with sharp
strain gradients, already pointed out by Anand et al. (2005), is here
again detected as a basic feature of micro/nano scale structures. A
wider numerical analysis for higher values of n would reveal how
the plastic strain proﬁles change in shape converging (at the limit
for n ! 1)to the straight line cp ¼ 1. Such analysis is here left
open to a future study speciﬁcally devoted to the plastic limit anal-
ysis of one-dimensional micro/nano scale structures.
The plastic collapse load multiplier sc ¼ sy=s0, expressed by
(128), proves to be of the form
sc ¼ aðnÞ 1þ p1n
 
; ð135Þ
where aðnÞ is a measure of the overall plastic deformation. Since the
latter parameter happens to remain almost constant on letting n
vary within the considered interval, sc exhibits an almost linear
behavior with respect to 1=n ¼ ‘=H, hence an almost hyperbolic
one with respect to n ¼ H=‘. The sc values, corresponding to the con-
sidered size cases, are plotted in the sc=n diagram of Fig. 4 (ﬁlled cir-
cles) together with: (i) a few analogous values given by Anand et al.
(2005) (empty circles), (ii) the upper bound curve (130)2 (solid line)
and (iii) the lower bound curve ((130)1 (dashed line). The capacity
of the considered shear model to strengthen with decreasing size,
already pointed out in the literature (see e.g. Anand et al. (2005),
Abu Al-Rub (2008) and the references therein), is demonstrated
by the presented results. However, these are insufﬁcient for a close
comparison with available experimental data. This task will be ad-
dressed in a future work.9. Conclusions
A rate-independent associative strain-gradient plasticity model
has been presented, which has as a main feature its capacity to
‘‘strengthen”, i.e. to exhibit the so-called Hall–Petch effects. In this
model, strengthening effects are described as the effects of a (ﬁcti-
tious) isotropic hardening featured by a hardening potential being
a degree-one positively homogeneous (nonlinear) function of the
effective plastic strain and the effective plastic strain gradient.
Such a provision generates some primitive strengths (a scalar and
a vector variables), work-conjugate of the effective plastic strainand its gradient. These two sets of variables obey a deformation-
theory plasticity-like laws, speciﬁc of the strengthening material,
in which a strengthening surface bounds the primitive strengths
and an associative normality rule relates them to the effective plas-
tic strain and effective plastic strain gradient. The latter law proves
to be fundamental in order to obtain the strengthening stress, a sca-
lar representing the actual increase (or decrease) of the initial yield
strength of the material.
The proposed model differs from analogous visco-plastic mod-
els of the literature (Gurtin and Anand, 2005; Anand et al., 2005;
Fredriksson and Gudmundson, 2005; Lele and Anand, 2008), in
which rate-independent strengthening effects manifest them-
selves from a visco-plastic power law when the relevant exponent
coefﬁcient tends to the pertinent extreme value (such as to
simulate rate-independent plasticity). What seems to link the
two approaches with each other is that, at the limit for rate-inde-
pendent plasticity, the mentioned power-law visco-plastic model
generates a strengthening force which turns out to be a degree-
zero positively homogeneous function of plastic strain and plastic
strain gradient, much in accord with the proposed approach (at
least in the cases of one-dimensional proportional plastic strain
states).
The case of a perfectly plastic material with strengthening ef-
fects has been studied in some details, pointing out analogies
and differences with respect to the rigid-plastic material of classi-
cal limit analysis. The following has emerged:
 As in classical limit analysis, a limit state can be envisaged in
which the strengthened material structure undergoes an instan-
taneous plastic collapse mechanism under a constant load.
 The concept of rigid-plastic material holds true also for a
strengthening material.
 The lower bound and upper bound theorems of classical plastic
limit analysis can be, and in fact they have been, extended to
strengthening materials, although at cost of some inevitable
mathematical complications. The collapse load multiplier can
still be viewed as the maximum of lower bound values, as well
as the minimum of upper bound values.
 The maximum and minimum principles, direct consequences of
the lower bound and upper bound theorems, respectively, repre-
sent true variational principles for the collapse load problem and
are useful for numerical approximations.
As it emerges also from the simple application herein presented,
the key idea of using a ﬁctitious isotropic hardening featured by a
suitable degree-one homogeneous function is a fruitful one. Other
applications would be necessary to investigate various aspects of
this nonclassical limit analysis (for example, what about the
well-known concept of plastic hinge?) But, for this purpose, further
study is needed in order to ﬁnd out numerical methods suitable to
this nonstandard (mathematically more difﬁcult) limit analysis,
with particular concern to the size dependence of the collapse load
and a close comparison with the numerous available experimental
data. The work by Anand et al. (2005), devoted to one-dimensional
structures, provides useful hints in this regard.
An obvious extension of the results herein achieved is related
to shakedown theory. Such an extension would be different from
the one previously given by Polizzotto (2008b), where size
dependent hardening effects were considered, but not strength-
ening effects, and the shakedown load was found to be size
independent. In the case of strengthening effects, the shakedown
load – like the plastic collapse load – is expected to be size
dependent. In consideration of the importance of the provision
of safety criteria for micro/nano scale structures, investigation
upon this issue is of paramount interest. This will be done in a
future paper.
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